have often been considered, but little seems to be known of these conditions in non-associative rings, or of chain conditions on the non-normal subgroups of a group. Moreover, it is usual to assume the condition for one-sided ideals in noncommutative rings, and the weaker condition for two-sided ideals rarely appears. In this note we first consider a class of groups which are "nilpotent" with respect to a set of operators 0. These groups include ordinary nilpotent groups, and associative and non-associative nilpotent rings and algebras as special cases. Our main theorem is to the effect that, for an Q-nilpotent group, the maximal or minimal condition for O-subgroups implies the corresponding condition for all subgroups. As immediate consequences of this theorem it follows that, for nilpotent rings and algebras, the maximal or minimal condition for ideals implies the corresponding condition for modules, while for nilpotent groups, the maximal or minimal condition for normal subgroups implies the corresponding condition for all subgroups.
Maximal and minimal conditions for ideals in associative rings have often been considered, but little seems to be known of these conditions in non-associative rings, or of chain conditions on the non-normal subgroups of a group. Moreover, it is usual to assume the condition for one-sided ideals in noncommutative rings, and the weaker condition for two-sided ideals rarely appears. In this note we first consider a class of groups which are "nilpotent" with respect to a set of operators 0. These groups include ordinary nilpotent groups, and associative and non-associative nilpotent rings and algebras as special cases. Our main theorem is to the effect that, for an Q-nilpotent group, the maximal or minimal condition for O-subgroups implies the corresponding condition for all subgroups. As immediate consequences of this theorem it follows that, for nilpotent rings and algebras, the maximal or minimal condition for ideals implies the corresponding condition for modules, while for nilpotent groups, the maximal or minimal condition for normal subgroups implies the corresponding condition for all subgroups.
1. Definition of Ö-nilpotency. Let R be a group, and let 0 be a set of (left) operators of R which includes the inner automorphisms of R. R may also admit a second set of operators $, in which case it will be understood in what follows that all subgroups are supposed to admit 4>. The statement that a certain subgroup is an 0,-subgroup means that this subgroup admits 0 as well as $.
If A is any Ö-subgroup of 2?, A is normal, and we may suppose that R/A admits the same sets of operators, 0 and 3>, as R.
We take the following as our 1 Originally I discussed the chain theorems for groups for and rings separately, and while it was clear that the results were analogous, I did not succeed in unifying the proofs for the two cases. The referee, Dr. Irving Kaplansky, pointed out, however, that this could be accomplished by the use of the general notion of £2-nilpotency which we give here, and which was suggested by him. I would like to express my thanks to the referee for his contribution to this paper.
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terminating with the identity, and such that if XG ö and a^Ai then
for some r, where in general r may be any positive or negative integer, or zero, but if X happens to be an inner automorphism then r must equal one.
The minimum length of all chains satisfying (1) and (2) above will be called the exponent of R and any chain of O-subgroups satisfying these conditions and having minimum length will be called a minimum chain.
The following results are needed for our later induction. We prove that if the maximal conditions for O-subgroups holds in R, the maximal condition for all subgroups also holds; the corresponding result for the minimal condition may be proved in a similar way.
Suppose that R has exponent m, and satisfies the maximal condi- 3. The chain theorem of nilpotent groups. Consider now the case where R is a nilpotent group in the usual sense.
2 It is easily seen that, if fi is the set of inner automorphisms, R is Q-nilpotent. For let
be any strictly decreasing central series of R (for example, the lower central series) ; we have always, if a* £-4», #£i?,
which is precisely condition (2) above applied to an inner automorphism, with r = l. Since the Q-subgroups are precisely the normal subgroups of R, we have:
"In a nilpotent group the maximal or minimal condition for normal subgroups implies the corresponding condition f or all subgroups" 4. The chain theorem for nilpotent rings. The definition of nilpotency is not well established for general non-associative rings. We give here a definition which applies to any ring, associative or not, and which is equivalent to the familiar one in the case of associative and Lie rings. This particular definition seems natural, and the definition of an O-nilpotent group as given earlier is a further generalization.
We shall say that R is a generalized ring, or briefly a ring, which admits $ as a set of (left) operators if the following conditions hold :
(a) R is an abelian group which admits $. It is clear that associative and Lie rings and algebras, and hypercomplex systems both associative and non-associative, are rings in the above sense. We may also suppose that 3> is not empty, since the rational integers may always be adjoined to any domain of operators. By a module of R we mean an additive subgroup of R which admits *, that is, a module is a ^-subgroup. By a left, right or two-sided ideal of R we mean a module which admits the elements of R as left, right or two-sided operators respectively. Unless otherwise stated, we shall understand by ideal a two-sided ideal.
If A is any ideal of R t the residue classes modulo A form a generalized ring R/A which is homomorphic to i?, and we may suppose that R and R/A have the same set of operators.
Because our rings are not necessarily associative, we take the following as our DEFINITION If R is an associative or Lie ring or algebra, the above definition of nilpotency is obviously equivalent to the usual one.
It is clear that a generalized ring which is nilpotent as defined above is an Q-nilpotent abelian group, where Q consists of the right and left multiplications of R, and the integer r of condition (2) 
